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then G has a Borel a- e. one- endedspanningsnbfores
Note : Isoperimetric constant 4 of G is

4 := inf M(µ÷aAµ{x¢A:=saeAAEX ✗ Ga}
MCA)> 0
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If 4>0 then G has exponential growth ,

so Theorem applies .
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Then G has a Borel are . one- ended

spanning sub forest

Idea : Put the fis together to get a
Borel ( full) f :X- ✗ c- G aperiodic &

has finite back orbits



Proof B := { ✗ : For ' ✗ c- domlfi ) } is null

= limsup ( domlfi))

So we
may assume WLOG that Fx c- ✗

{ ie IN :
✗ c- domlfi ) } is nonempty & finite

Define f- :X → ✗ c- G
✗ to fnex , " )

where hcx) : = Max { i c- IN : ✗ c- doml.fi) }

By 147 , ncx) is non - decreasing along
f- orbits

f- =f=4¥gq,f=_f4 .Fxx,C✗Ñ •

So f- is aperiodic by this fact
& (3)

By (3) , each fi has finite bank orbits
so f- does as well
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Theorem (2-6) Suppose Gg is a pmp

locally finite Borel graph on Him)
of superquadratic growthli.e.J-csos.t.tn/Vr1Brcxs13cr2T-W
then G has a Borel a- e. one- endedspanningsnbfores
Proof : we'll come up with fi a- G
satisfying (1) - (4) from lemma

Let rn := 2h
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put Ao := ✗

for ns, I let An be Borel &
maximal Wrt the fact that
for ✗ =/ y c- An ,
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Def
. of fm : for ✗ c- An take lex

.

least minimal length path from
✗ to a point y

c- Anti

✗ = Xo ,
✗ , , ✗ 2 , - - - - . /

✗ K = Y
Define fn to be the union of the

pairs ( ✗ i
,
✗ it , ) in these paths

so fi E G are partial Borel functions .

(1) holds since An Edom ( fn)

Ao = ✗

(3) : aperiodic & finite back orbits

minimality of paths & lengths of
paths are bounded ( by maximal ity
of Ans)

( y ) : ✗ c- dam ( fi ) ⇒ ficx c- domlfj )
jzi

If ficx> was in the middle of a path
then ficx) Edom ( fi )

Otherwise film c- A- in Edom (Fitr)



(2) : IM ( domlfi )) < 00

By maximal ity of Ann
,
the length

of a path from ✗ c- ✗ to
y c- Anti

2- Zrnti

⇒µ ( domlfn)) c- 2rn+iµ (An)E%÷z
since µ CAN) I ¥2

Define En := being in the same ball of
radius rn for ✗ c- An

fflx)dµ 1×7 = f Average offover equivalence
DMCX)

class of ✗
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Isoperimetric constant > 4 > 0
then we have exponential growth
V-
"

✗ c- X
IBN a) I > (1+4)

"

prod by induction 1 Bowl =\ ✓

Suffices to show 1Bn+ , CXIIZ (1+4) / Bncxil
for µ

-

a. e. ✗ c- ✗

If not
,
we can take a maximal

disjoint collection of balls of radius ntl

(which is Borel ) around point ✗

with / Bntilx > I < (11-4) / Bncxs /

A := U Bncx > ← A is Borel ,
✗ center positively measured,of ball in
collection G /a D component

finite

nC2oA) E YMCA )⇒%%→A)_ ← 4
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